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Abstract
In this note, firstly we give an easy proof of the factorization of
symmetric matrices (see [Mos]), and then use it to prove the well-
known fact that the automorphism group of a non-degenerate symmet-
ric bilinear form Q acts transitively on the locus of isotropic subspaces
Σk(Q).
Let V be an m-dimensional complex vector space.
Proposition 1. Every symmetric matrix Q ∈ End(V ) is of the form P TP ,
for some P ∈ End(V ).
Proof. We will not make any difference between symmetric matrices and
symmetric bilinear forms on V . If Q 6= 0, then there exists some u1 ∈ V
s.t. Q(u1, u1) 6= 0. Consider the hyperplane H1 = {u ∈ V |Q(u1, u) = 0}.
If Q is not identically zero on H1, then we can chose some u2 ∈ H1, s.t.
Q(u2, u2) 6= 0, and then Q(u2, u1) = 0. Then we consider H2 = {u ∈
H1|Q(u2, u) = 0}, and we continue this procedure. At the end, we will get
some vectors v1, . . . , vl, vl+1, . . . , vm, such that
Q(vi, vj) = δij , for 1 ≤ i, j ≤ l; Q(vi, vj) = 0, if max{i, j} ≥ l + 1.
In this basis, Q is of the form diag(Il, 0), i.e. there exists some invertible ma-
trix A such that ATQA = diag(Il, 0). Now we just take P = diag(Il, 0)A
−1,
then Q = P TP .
1
2Remark 1. This proposition is the principal result in [Mos] (theorem 2),
proved by a much lengthier argument. Our proof works also for symmetric
matrices over an algebraically closed field.
Now let Q be a non-degenerate symmetric bilinear form on V . Recall
that a k-plane Λ ⊂ V is said isotropic if Q|Λ×Λ = 0. Let Σk be the locus of
isotropic subspaces of Q. It is well-known that Σk is not empty iff k ≤ m/2,
and irreducible if k < m/2. Let
G = {A ∈ GL(V ) |Q(Av,Aw) = Q(v, w) for all v, w ∈ V },
which acts naturally on Σk. The main purpose is to prove the following
well-known fact (see [ACGH], p102):
Proposition 2. The action of G on Σk is transitive.
Proof. As easily seen, if k = m/2, then this proposition is true. In the
following, we suppose k < m/2, thus Σk is irreducible. Since Q is non-
degenerate, our previous proposition shows that we can suppose Q = Im.
Now G = {A ∈ GL(V )|ATA = I}. Any k-plane is represented by an m× k
matrix Λ. We can suppose
Λ =

 IkM1
M2


where M1 is a k×k matrix, andM2 is an (m−2k)×k matrix. The isotropic
condition is
Ik +M
T
1 M1 +M
T
2 M2 = 0.
By this we see that rk(MT1 ,M
T
2 ) = k. Using some matrix of the form
Im + Eij + Eji − Eii − Ejj ∈ G, where Eij is the matrix with 1 at the
position (i, j) and 0 elsewhere, we can suppose M1 is invertible.
Key claim: For any Λ ∈ Σk, the orbit G · Λ is dense in Σk.
Proof of the key claim. Take a matrix
A =

Ik 0 00 A1 A2
0 B1 B2


3we will find out some conditions for Λ′ such that there exists some A ∈ G of
the above form with AΛ = Λ′. The last condition gives
A1 = N1 − A2M, B1 = N2 − B2M
where N1 = M
′
1M
−1
1 , N2 = M
′
2M
−1
1 ,M = M2M
−1
1 . The isotropic conditions
for Λ,Λ′ imply that
NT1 N1 +N
T
2 N2 = Ik +M
TM.
The condition ATA = Im gives three equations. Combining with the
above equation, we see that among the three there are only two independent
ones, which can be simplified as{
NT1 A2 +N
T
2 B2 =M
T
AT2A2 +B
T
2 B2 = Im−2k.
From the first equation, we can resolve for A2, and the only equation for
B2 reads
BT2 XB2 − Y
TB2 − B
T
2 Y + Z = Im−2k,
where X,Z are symmetric, X = Im−2k +N2N
−1
1 (N
T
1 )
−1NT2 , so the condition
rk(X) = m−2k (maximal possible rank) is an open condition on Λ′ ∈ Σk. If
this condition is satisfied, our previous proposition gives X = P TP for some
invertible matrix P . Now the equation for B2 is equivalent to
(BT2 P
T − Y TP−1)(PB2 − (P
−1)TY ) = W
where W is symmetric, thus of the form V TV . Now we just take PB2 −
(P−1)TY = V , i.e. B2 = P
−1V +X−1Y . So if Λ′ satisfies
rk(Im−2k +M
′
2M
′
1
−1(M ′1
T )−1M ′2
T ) = m− 2k,
then Λ′ ∈ G · Λ. As Σk is irreducible, we conclude that G · Λ is dense in
Σk.
To finish the proof of the proposition, we just note that there exists at
least one closed orbit, say G ·Λ. Then our key claim implies that G ·Λ = Σk,
thus the action of G on Σk is transitive.
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